Abstract. We prove that the embedding of the quaternionic disc H 1 H into quaternionic hyperbolic n-space H n H is tight and thereby obtain the value of the Gromov norm of the quaternionic Kähler class.
Introduction
Let H n H be the quaternionic hyperbolic n-space normalized such that the sectional curvature is bounded from below by −1. The quaternionic Kähler four-form ω H n H of H n H defines, under the van Est isomorphism, a cohomology class [c H n H ] ∈ H 4 c (PSp(n, 1), R). Recall that the Gromov norm β ∞ of a cohomology class β is the semi-norm given by the infimum of the sup-norms of all cocycles representing β:
In [DoTo87, ClØr03] it is proven that for Hermitian symmetric spaces the Gromov norm of the Kähler class is equal to π times the rank of the Hermitian symmetric space X . This is one of the few cases where the value of the Gromov norm is known explicitely and this result has important applications related to Kähler rigidity and higher Teichmüller theory (see [BuIoWie07, BuIoWie09, BuIoWie10, BuIoWie14 ])
The Gromov norm has furthermore been calculated for the volume class of hyperbolic n-space [Gr82, Thu78], the volume class of H 2 × H 2 [Buc08b] and for the Euler class for flat vector bundles [BucMo12] . Bounds for the volume form of complex hyperbolic surfaces have been obtained by the author in [Pie16] . The purpose of this paper is to prove
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3 the volume of a maximal regular 4-simplex in real hyperbolic 4-space.
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In fact, we will prove Theorem A ′ which we show below implies Theorem A.
Theorem A ′ . The embedding i :
for all z (0) , . . . , z (4) ∈ H n H and where ∆(z (0) , . . . , z (4) ) is any geodesic simplex with vertices (z (0) , . . . , z (4) ).
H which is equal to the volume form ω H 1 H on this quaternionic hyperbolic line. Therefore, Theorem A ′ implies that the sup-norm of c H n H is equal to the sup-norm of ω H 1 
Combining this with the fact that the Gromov norm of a cohomology class can be at most equal to the sup-norm of any of its representatives we get
In the case of complex hyperbolic space there is a particular simple argument proving the corresponding Theorem A ′ , i.e. tightness of the embedding H 1 C ֒→ H n C . We will briefly discuss this in the next section and then show in sections 3 and 4 how this argument generalizes to prove Theorem A ′ .
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Complex hyperbolic space
For the complex hyperbolic space Theorem A ′ follows from an observation of Goldman in the proof of Theorem 7.1.11 in [Gol99] . Let H n C be complex hyperbolic n-space with its sectional curvature bounded below by −1 and let v, w, z ∈ H n C . Denote by Π L : H n C → H n C the orthogonal projection onto the (unique) complex line L containing v and w. Then it can be easily seen that the triples (v, z, Π L (z)) and (w, z, Π L (z)) are contained in totally real subspaces (it follows for example from the proof of this fact for quaternionic hyperbolic space in the next section). Since the Kähler form ω H n C vanishes on real subspaces it then follows from the cocycle relation that
The last inequality follows from the fact that on complex lines the volume form restricts to the volume form of the real hyperbolic plane with sectional curvature −1 and it is well known that triangles in this plane have area bounded above by π. Furthermore, the norm of the volume class is also equal to π, i.e. the norm of the volume class is realized by the volume cocycle c H n C .
Quaternionic hyperbolic space
Let H n,1 be H n+1 with the quadratic form of signature (n, 1) given by z, w = w 1 z 1 + · · · + w n z n − w n+1 z n+1 , where z, w ∈ H n+1 are the column vectors with entries z 1 , . . . , z n+1 and w 1 , . . . , w n+1 respectively. Define
and let P : {z ∈ H n,1 : z n+1 = 0} → H n be the natural (right) projection given by
. . .
The quaternionic hyperbolic n-space is H n H = PV − with boundary ∂H n H = P(V 0 \ {0}) and closure H n H = H n H ∪ ∂H n H . Its isometry group is PSp(n, 1) = Sp(n, 1)/{±I}, where Sp(n, 1) is the subgroup of Gl(n + 1, H) whose action on H n,1 on the left preserves the quadratic form. We normalize the metric such that the sectional curvature is pinched between −1 and −1/4. Then any embedded copy of the real hyperbolic 4-plane has sectional curvature equal to −1. Definition 1. An R-vector subspace V ⊂ H n,1 is said to be totally real if w, z ∈ R for all w, z ∈ V . If V ⊂ H n,1 is a totally real subspace of (real) dimension k + 1, and if
For v, w, z ∈ H n,1 define the Hermitian triple product by v, w, z := v, w w, z z, v , Similar to the complex case, this Hermitian triple product can be used to define the quaternionic Cartan angular invariant which classifies orbits of triples in the boundary of quaternionic hyperbolic space [ApKi07, Section 3]. The only property of the Hermitian triple product we need here is the following lemma.
Lemma 2. Let v, w, z ∈ H n H and let v, w, z ∈ H n,1 be lifts such that P(v) = v, P(w) = w and P(z) = z. Then v, w and z are contained in a totally real subspace iff v, w, z ∈ R.
Proof. Suppose that v, w and z are contained in a totally real subspace. It follows from the definition of a totally real subspace that we can choose lifts v, w, z such that the Hermitian products v, w , w, z and z, v are all real and therefore v, w, z ∈ R. Then also for any other lifts vλ 0 , wλ 1 , zλ 2 of v, w and z we have vλ 0 , wλ 1 , zλ 2 = vλ 0 , wλ 1 wλ 1 , zλ 2 zλ 2 , vλ 0
where in the last equality we use that v, w |λ 1 | 2 w, z |λ 2 | 2 z, v ∈ R. Suppose now that v, w, z ∈ R and pick λ 1 , λ 2 ∈ H such that v, wλ 1 ∈ R and zλ 2 , v ∈ R. Then
and it follows that also wλ 1 , zλ 2 ∈ R and therefore the three points are contained in a totally real subspace.
Restricting to the quaternionic hyperbolic 2-space H 2 H any quaternionic line L is given by L = P(c ⊥ ) ∩ H 2 H with c ∈ V + and c ⊥ := {v ∈ H 2,1 :
given by
with z ∈ H 2,1 any lift of z, i.e. P(z) = z.
Lemma 3. Let z, w ∈ H n H and let L be a quaternionic line such that z ∈ L and let Π L be the orthogonal projection onto L. Then the triple (p, q, Π L (q)) is contained in a totally real 2-space.
Proof. Up to the action of PSp(n, 1) we can restrict to H 2 H ⊂ H n H and assume that L = P(c ⊥ such that its restriction to any H-line is its volume form. Furthermore it is a closed form and its evaluation on four vectors two of which span a totally real geodesic two plane is zero.
This immediately implies
Lemma 5. If three points z (0) , z (1) , z (2) are contained in a totally real subspace of H n H then c H n H (z (0) , z (1) , z (2) , z (3) , z (4) ) = 0 for all z (3) , z (4) ∈ H n H .
